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Abstract

The contact manifolds that appear in Geometric Quantization can be obtained from certain
elements of the dual of the Lie algebra. Many of the known methods to determine these invariant
forms are revisited and sharpened.
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1. Introduction

The starting point in Geometric Quantization (Kirillov—Kostant—Souriau theory, cf. {7,9])
is aregular contact manifold whose Boothby—Wang fibration [ 1] has a covering of a coadjoint
orbit of a given Lie group as base space. In this paper we are concerned with the case in which
the group acts transitively on the contact manifold by diffeomorphisms that preserves the
contact form (Homogeneous Contact Manifolds). More specifically, the paper is devoted to
give explicit methods of construction of such manifolds. In particular many of the previously
known related results [3,4,8,10] are covered and some of them are sharpened.

We first consider the following slightly more general situation. Let M be a differentiable
manifold and G a Lie group which acts transitively on M. Let us consider a Pfaff system on
M, composed of invariant forms, whose characteristic system is trivial. Such a differential
system is called homogeneous nondegenerate Pfaff system.

In the present paper we classify the homogeneous nondegenerate Pfaff systems (HNDPS).
This classification is constructive, in the sense that all HNDPS for a given Lie group can be
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explicitly determined from subsets of the dual of its Lie algebra. We will also see that they
give rise to principal fibre bundles whose base spaces are multihamiltonian spaces. These
are generalizations of Hamiltonian spaces, and are classified in this paper. When restricted
to Hamiltonian spaces, this classification is equivalent to that of Kostant.

These general results are then applied to the case in which the Pfaff system consists of
a single form, thus gaining an insight into the homogeneous contact manifolds. These can
be obtained from certain elements of the dual of the Lie algebra of the given Lie group that
are called quantizable forms.

The structure of the present paper is the following. Sections 2 and 3 are devoted to notation
and some preliminary results.

The first statement of the classification is given in Section 4. Given a connected Lie group
G, and a subset, P, of the dual of its Lie algebra, we associate to P a family of subgroups
of G, N;. The elements of P project on each G/N3, thus giving rise to a HNDPS. It is
proved that each HNDPS is equivalent, in a natural way, to one of these.

If one wants to use such a classification for an explicit construction of the HNDPS, the
main difficulty is to determine the groups N 1’,. In Section 5 we prove that the N 1], are the
kernels of a family of homomorphisms, thus obtaining practical methods to determine the
N3 This idea leads to another form of the classification.

Multihamiltonian spaces are defined and classified in Section 6. Its main interest, from
the point of view of the present paper, is that any “regular” HNDPS is the total space of a
principal fibre bundle, with abelian structural group, whose base space is a multihamiltonian
space. These principal fibre bundles and the connections that the given HNDPS defines on
it are studied in detail in Section 7.

The explicit methods that can lead to the determination of the quantizable forms (i.e. the
homogeneous contact manifolds) of a given Lie group are given in Section 8. This section
also includes other related results.

In Section 9, the preceding results are applied to the universal covering group of Poincaré
group, whose homogeneous contact manifolds describe the relativistic elementary particles
in the sense of geometric quantization.

2. Notation

All differentiable manifolds appearing in this paper are assumed to be C°°, finite dimen-
sional, Hausdorff and second countable.

The set consisting of the differentiable vector fields on a differential manifold, M, is
denoted by D(M). The set of differential k-forms on M is denoted by 2% (M).

Let X € D(M), w € 2%¥(M). We denote by i (X)w the interior product of X by w and
by L(X)w the Lie derivative of w with respect to X.

Let G be a Lie group. The set consisting of the left invariant vector fields on G, provided
with its canonical structure of Lie algebra, will be denoted by G. We shall denote by G* the
dual of G. G* is canonically identified with the set consisting of the left invariant 1-forms
onG.
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The coadjoint representation is the homomorphism Ad* : g € G — Ad; € Aur(G*)
given by (Ad;(a))(X) = a(Adg-1 (X)) foralla € G*, X € G.

Let M be a differentiable manifold and G a Lie group acting on M on the left (resp. on
the right). Given an element, X, of G, we denote by X, the vector field on M whose flow
is given by (the diffeomorphisms associated by the action to) {Exp(—tX):t € R} (resp.
{ExptX:.t € R}). Xp will be called the infinitesimal generator of the action associated
to X.

A principal fibre bundle having M as total space, B as base and G as structural group.
will be denoted by M (B, G).

3. Homogeneous nondegenerate systems

Let M be a differentiable manifold. We call k-system on M any set consisting of differ-
ential k-forms on M. A k-system on M, S, will be said to be nondegenerate when, for all
x € M, the set consisting of those v € Ty M such that i (v)w = 0 and i (v) dw = 0 for all
w € §, consists of 0 alone.

Let M be a contact (resp. symplectic) manifold. If S is a 1-system (resp. 2-system)
containing a contact (resp. symplectic) form, then S is nondegenerate.

Let S be a nondegenerate 1-system on M. We denote by A(S) the set consisting of
X € D(M) such that i (X)dw = 0 and di (X)w = 0, for all w € §. The function i (X)w is
constant on each connected component of M for all X € A(S),w € §S.

Lemma 3.1. A(S) is an abelian Lie subalgebra of D(M).

Proof. A(S) is obviously a vector subspace of D(M) and, for all X, Y € A(S)and w € S,
we have

i([X, YDo = (L(X)i(Y) — i(Y)L(X))w
=i(X)di(Y)w —i(Y)(di(X) +i(X)d)ow =0

and, inasimilar way, i ([ X, Y]) dw = 0. Thus, since § is nondegenerate, we have [ X, Y] = 0.
0

Example 3.2. Let w be a contact form on a connected manifold, M, and § = {w}. It is
a well known fact that there exists a unique Z(w) € D(M) such that i(Z(w))w = 1,
i(Z{w))dw = 0. Thus A(S) is the (1-dimensional) subspace of D(M) generated by Z(w).
In fact, if A € A(S) then A = (i(A)w)Z(w).

A G-homogeneous (nondegenerate) k-system is a triple, (M, S, G), where M is a con-
nected manifold, S a (nondegenerate) k-system on M and G is a connected Lie group acting
transitively on M on the left by w-preserving diffeomorphisms forall w € S.
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Lemma 3.3. Let S be a 1-system on M consisting of a single 1-form, w. Then S is nonde-
generate if and only if w is a contact form or dw is symplectic.

Proof. The “if” part is obvious. In order to prove the “only if” part, take x € M and assume
that (dw)? # 0, (dw)?*! = 0. Thus the subspace, V, of T M composed of v such that
i(v)(dw)x = 0has dimension n — 2 p, where n = dim M. Let us denote by o’ the restriction
of w, to V. Since § is nondegenerate it follows that the kernel of @’ must be {0}. Then we
have dimV < 1,sothat2p <n <2p+1l,ie.n=2pifnisevenandn =2p + lifnis
odd. In any case p is independent of x € M.

If n = 2p, then (dw)? is a volume element, i.e. dw is symplectic.

If n = 2p + 1, then we have dimV = 1. Let u; be a nonzero element of V and

{uy,uz, ..., up} abasis of T, M. Thus wy A (dw)?(uy, ..., u,) coincides, up to a nonzero
factor, with [wx(u1)] - [(dw)? (U2, ..., up)]. But w,(u1) = o'(u1) # 0. On the other
hand the relation (dw)? # O implies that there exists i ... i,_; € {1 ... n} such that
(da))f(u,-l, ..., ui, ;) # 0. But this cannot be the case if any of the i were 1. Thus
(dw)?(uy ... up) # 0. It follows that w A (dw)” is volume element, i.e. w is a contact
form. O

If S consists of a single differential form, w, we denote (M, S, G) simply by (M, w, G).
A homogeneous nondegenerate 1-system (M, @, G) where w is a contact form is said to
be a Homogeneous Contact Manifold. If dw is symplectic, then (M, w, G) is said to be a
Homogeneous Exact Symplectic Manifold.

Let (M, S,G) and (M’, S, G) be G-homogeneous k-systems. An isomorphism from
(M, S, G) onto (M', §', G) is a G-equivariant diffeomorphism, f, from M onto M’, such
that f*(S’) = S. This defines an equivalence relation in the set composed by the G-
homogeneous k-systems. The equivalence class of (M, S, G) will be denoted by |M, S, G|.
If an equivalence class has a nondegenerate representative, then any other representative
is also nondegenerate. The set consisting of the equivalence classes of G-homogeneous
nondegenerate k-systems will be denoted by E4 (G).

In Section 4 we shall classify the set E|(G). The following result will be useful in this
context.

Let [M, S, G] € E1(G) and let x € M. We shall denote by x the map from G onto M
defined by sending each g to gx. We denote by G, the isotropy subgroup of G at x.

Since each w € § is invariant by the action of G on M, it follows that X*w is a left
invariant 1-form on G. Thus x*(S) can be considered as a subset of G*.

Lemma 3.4. The Lie algebra of the isotropy subgroup of G at x, G, is
G, ={YeG:i(V)T'w) =0,i(Y)dT*0) =0,VYw € S}.

Proof. ForallY,Z € G, w € S, we have
(YV)E*w) = F*w)(Y) = @ w)e(Ye) = wx(—(Ym)sx),
L) AdE* 0)(Z) = ([dGE*w))e(Ye, Z.) = dwx (—(Ypm)x. —(Zu)x)-
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Since the action is transitive, it follows that TxM = {(Zpy),:Z € GJ}. Since S is non-
degenerate, one thus sees that we have (Yp), = 0 if and only if i(Y)(x*») = 0 and
iY)dx*w) =0forallw € S. a

4. Classification of the homogeneous nondegenerate 1-systems

Let G be a connected Lie group. Let P be a subset of G* containing some nonzero
element. Thus we define

Gp ={X € G:L(X)§ =0,V5 € P},
Np={X € Gp:i(X)§ =0,V5 € P}.

Since P contains some nonzero element we have Np # G.
Lemma 4.1. G, is a Lie subalgebra of G, Np is an ideal of Gp and Gp/Np is abelian.

Proof. We shall prove that [Gp, Gp| C Np.If X.Y € Gp, 8 € P, then we have
(X, YDS§=L(X)i(Y)s —i(Y)L(X)6 =0
and

L([X,Y])8 = L(X)L(Y)§ — L(Y)L(X)§ = 0. O

Now we define

Gp=|{ge G:Ad;8=6,V8 € P}.
Since we have

Adz8(Y) = 8(Adg—1Y) = §(RgsLg-14Y) = R;‘S(Y)
forall g € G, § € G*, Y € G, it follows that

Gp=|{ge G:R;(S =4,¥é € P}.

G p is a closed subgroup of G and its Lie algebra is composed of those Y € G such that
R’;:Xptyé = éforall§ € P,t € R. Since the flow of the left invariant vector field Y is
{Rexpiy:t € R}, it follows that the Lie algebra of G p is Gp. Obviously G p contains the
centre of G, hence Gp contains the centre of G.

We shall denote by {Gip: i € I(P)}thesetconsisting of those subgroups of G p containing
the component of the identity in G p. We assume that 0 € I (P) and that G(}, is the component
of the identity in G p. Thus G(}, is the component of the identity in G’}, foralli € I(P).

We shall denote by N ?, the connected Lie subgroup of G whose Lie algebra is Np.

If N?, is closed, then we shall denote by (N {,: j € J(P)} the set consisting of the closed
subgroups of G p whose Lie algebra is Np. Here J(P) is a set of indices containing 0. N g

is the component of the identity of each N ;, and also an invariant subgroup of G(},.
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Before proving the following lemma, note that if é is a left invariant 1-form and X a left
invariant vector field, then we have L(X)8 = i(X) dé. This is a consequence of the fact that
i(X)$ is a constant function. Thus we have

Gp={X € Gi(X)ds =0,V¥6 € P}.
The following result is more or less obvious, but useful.

Lemma 4.2, Let (P) be the subspace of G* generated by P and let g € G. Then we have
Gipy = Gp» Nipy = Np, Gip) = Gp, Nip, = Np, Gagzpy = Adg(Gp), Npgz(py =

Adg(Np), Gagy(p) = ag(Gp) a"d{NAdE(p)-J € J(AdL(P)) = {ag(N}): j € J(P)).

Let us denote by Ky(G) the set consisting of the pairs (P, N 1’;), where P is such that Ng
is closed and j € J(P).
In K()(G) we define an equivalence relation as follows. We say that (P N/ ) is equ1va1ent

o (P,N ,) if there ex1sts g € G such that P/ = Ad*(P) and N/ = ag(NP) The

equivalence class of (P, N3, ) will be denoted by |P, N ] p| and the quotient set by K (G).
We shall define a bijective map from K(G) onto E 1(G) but first we shall give some
lemmas.

Lemma 4. 3 Let (P, N J p) € Ko(G). Thenforall 5 € (P), there exists a unique G-invariant
1-form, wP (8), on G/NJ such that pj (wP(B)) = §, where pj is the canonical map from G

onto G/N,J,.

Proof. Since N,j; C Gp, 8 is Adg-invariant forall g € N,J; . Also we have ((X)§ = 0 for
all X € Np. O

For all (P, N} ) € Ko(G), we shall denote Pj {a){, 8):6 € P}.

Lemma 44. Let (P, N}) € Ko(G). Then (G/N}, P/, G) is a homogeneous nondegener-
ate 1-system for the canonical action of G on G/N ,J,.

Proof. We only need to prove that Pj is nondegenerate Let v be a tangent vector to G/ N P
at gNJ such that t(v)(wp(ﬁ)) =0 and i(v) d(a)P(a)) = (Q for all § € p. We must prove

that v = 0. Since the action is transitive and the w? »p(8) are invariant, we only need to give
a proof in the case where g is the identity element, e, of G. Let X € G be such that the
infinitesimal generator of the action associated to X, X J, takes the value v at N 1’,. Then we
have forallY € G

i(X)8 = i(X)8e = i(X)(Plwh(8)e = i(—v)(@h(8)) = 0
((X) d5)(V) = dbe(Xe, Ye) = d@} (), (/) ;) = 0.
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Hence we have X € N, so that v = (XJI)Nj =0. O
P

Lemma 4.5. Let (P, N}, ), (Q, N o) € Ko(G). Then we have |P, N’| |Q, NX ol if and
only if IG/NL, Pl G| = |G/N¥, Qk, Gl.

Proof. Assume that |P, N} | = |Q, N§!. Let g € G be such that 0 = Ad;(P). NG =
ag(NJ) Then we define a map, b, from G/N} into G/N" by sending hNJ tohg™ 'N" .
This is a well defined map. Since we have pi o R, = bg o p; and p; admits differen-
tiable local cross sections everywhere, it follows that b, is differentiable. Actually b, is a
diffeomorphism whose inverse can be defined in a similar way.

On the other hand we have for all § € Q,

pIbiwg (8) = R pi wh(8) = RY 18 = Ad;_,8

but Ad;]S € P, sothat p}*b*w ) = p; wP(Ad;LlS). Since p; is a submersion we obtain
by (8) = wp(AdY_,5). The relation by (Q}) = P follows.

Since b, is Gfequivariant for the canonical actions, we see that b, is an isomorphism
from (G/N3%, P/, G) onto (G/N¥,, 0%, G).

Conversely, let f be an isomorphism from (G/Nj, Plj, G) onto (G/N¥%, Q’I‘. G). Let
g € G be such that f(N1) = gNg.

The relation Ad;,‘(Q) P follows from f o p; = pi o Ry. On the other hand, because of

the equivariance of f, the isotropy subgroup at Ny /e G /N ] . which is Ny, /'must coincide
with the isotropy subgroup at gNQ, which is ag(N ). Hence (Q, NQ) is equivalent to

(PN) m

Now we define a map, 11, from K (G) into E; (G) by sending | P, N3|t0|G/N}, P{. G|.
Because of Lemma 4.5 this is a well defined injective map. We now go on to prove that this
is an onto map.

Let|M, S, G| € E|(G). Take x € M and denote by X the map defined by sending ¢ € G
to gx € M. Thus we define a subset, P,of G* by P = {x*w: w € S}.

As a consequence of Lemma 3.4 we have Np = G,. Thus N g is the component of the
identity in the isotropy subgroup, G, at x. Since G, is closed, it follows that N 2 is closed.

The form X*w is Ad,-invariant for all g € G,. Hence we have Gy C Gp, so that there
exists j € J(P)suchthat G, = N;;..

Thus, the map f defined by sending gNj € G/Nj to gx € M is an equivariant dif-
feomorphism. We also have f o pj = X, where p; is the canonical map from G onto
G/N’ Hence we have p; o =X w = = p; (w,,( *w)) for all w € §. This proves that
f 1s an isomorphism from (G/NJ, 1 , G) onto (M, S, G). As a consequence, we have
ilP. N,| = 1G/NL, P/, G| = |M, S, G|. Hence y; is an onto map.

We have thus proved the following theorem which gives us a classification of E((G).
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Theorem 4.6. The map defined by sending | P, N,’;l € K(G) to |G/Nj, Plj, G| € E(G)
is a bijection.

Remark 4.7. The canonical map from G/ N?, onto G/N J , Poj,is a covering map and we
have p(“;j(a);,(ﬁ)) = w?,(&) forall§ € P.

When G is simply connected G/N ?, is the universal covering space of each of the G/N {;.

5. Constructing homogeneous nondegenerate Pfaff systems

In order to explicitly construct the HNDPS for a given Lie group, G, one needs to know
the subsets, P, of G* such that N?, is closed and, for these subsets, the subgroups N ;,. To
obtain this information by a direct use of the definition is not an easy task in general. In this
section we reduce the problem to the search for some homomorphisms, which is in general
much easier.

Let H and A be Lie groups and C a homomorphism from H onto A. Thus the transpose,
'(dC) of dC is a linear map from A* into H* whose image will be denoted by (dC).

Let P be a subset of G* containing some nonzero element and i € I(P). We consider
homomorphisms, C, from G’), onto connected abelian Lie groups such that (dC) is the
subspace of G, generated by the restrictions to Gp of the elements of P. The set composed
by these homomorphisms will be denoted H omﬂ,. Given a connected abelian Lie group, A,
the subset of H omi, composed of the homomorphism whose image is A, will be denoted
Hom',(A).If C € Hom',(A), dC is onto, so that '(dC) is injective thus giving an isomor-
phism from A* onto the subspace generated by the restrictions to G, of the elements of P.

Let K(’)(G) be the set consists of the triples (P, G, C) such that C € Hom’),.

If(P,G,,C) € K(’)(G), the kernel of dC is Np and the kernel of C is closed. Hence
N?, is closed and there exists j € J(P) such that Ker C = Nj, i1e. (P,KerC)e Ky(G).
Thus, each element of K)(G) gives rise to a HNDPS. The main objective'of this section
is to prove that each HNDPS can be obtained in this way. Some other results are proved in
order to be used later.

Two elements of K((G), (P, G%,C) and (P, G’;,/, C’), are said to be equivalent if
there exists g € G and an isomorphism f from C(G"P) onto C’ (Gi;") such that P/ =
Ad;(P), G’;,, = ag(G"P) and C' = foCo ag-1. This defines an equivalence relation
in K(/)(G). The equivalence class of (P, G, C) will be denoted by |P, G%, C| and the
quotient set by K'(G).

Lemma5.1. Let (P, G, C), (P',GY,,C") € K{(G). Then we have |P,KerC| =

|P' Ker C'| if and only if |P, G'», C| = |P", G, C'l.

Proof. Letj € J(P), j' € J(P') besuch that Ker C = N, Ker C’ = N, and assume that
|P, NI = |P’, Nj,|. Then there exists g € G suchthat P’ = Ad%(P) and N}, = ag(N1).
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Let {ay,...,a,} be a basis of A, where A is the image of C. Let Yy --- Y, € Gp
be such that dC(Y;) = ai forall k = 1,...,r. Thus, for all h € G‘;, there exists
ty -+« t, such that C(h) = Exp(tiay) - - - Exp(tya,) = Exp(dC(t,Y1)) - - -Exp(dC(t,Y;)) =
C(Exp(t1Yy)---Exp(1,Y;)). As a consequence, all the elements of G"P can be written in
the form Exp(t;Yy) Exp(tYy) - -Exp(t,Y,)n, where t; ... 1, € R and n € N;;. But
g Exp(t Y1) - -E)cp(t,Y,)ng‘1 = Exp(t; Ady(Y1)) - - -Exp(t, Adg(Y,))gng_l . and, because
of Lemma 4.2, we have Gpr = Ady(G), so that Exp(t; Ad,(Yy)) € GY, c Gi/,. Thus
ag(Gh) C G

In a similar way we obtain Ag-i (GP,) C GP,, so that G’;,, = ag(Gi},).

Now we define a map, f© from G’P/N,J, onto G';,,/Nj:, by means of f; (hN{,) =
ghg™'N IJ,I, This is a well defined Lie group isomorphism, whose inverse can be defined in a
similar way. We have C' = f30 fi of{1 oCoa,-1, where fo(resp. f3) is the isomorphism
from G’},/N{, (resp. G’;,,/N{,l,) onto the image of C(resp. C’) canonically defined by C
(resp. C').

The “if”” part is immediate. g

Asaconsequence of Lemma 5.1 we see that the map, 12, defined by sending | P, G',, C| €
K'(G) to |P,KerC| € K(G) is a well defined injective map. We shall now prove that this
is an onto map.

Lemma 5.2. Ler (P, NJ) € Ko(G). Then, for all Y € Gp, there exists a unique differen-
tiable vector field on G/NJ , ZJ (Y), such that (pj)*Y Zﬁ,(Y) Moreover, for all o € P,
we have a)P(or)(ZJ (Y)) =o(Y), andl(ZJ (Y))d(a)P(a)) =

Proof. letge G,n e N{,, Y € Gp and X € G. Then we have
o (V) = 0gn(Ygn) = @p(@)) 1 ((P))+Yin).
0= ((¥)do)(X) = d(@p @) s (P Ygn. (D)X gn).
Since Plj is a nondegenerate 1-system , it follows that the above relations define uniquely

(Pj)«Ygn. Consequently, (pj)«Y,, does not depend on n.
Thus we define Zﬁ,(Y) by means of (Zﬁ,(Y))gN{, = (p;j)+Y,. Since p; admits local cross

sections everywhere, Z{,(Y ) is differentiable. o

Let (P, N7 ) € Ko(G) and let D be the connected component of NJ € Gp/NP in
Gp/N} p- The stabilizer of D, by the canonical action of Gp on Gp/ N p» 18 a subgroup of

G p which contains G0 Thus, there exists i(j) € I(P) such that G’(J)
of D.

is the stabilizer

Remark 5.3. If P consists of a single 1-form, o, and a)f, (o) 1s a contact form , there exists
Y € G suchthato (Y) = 1 and Z4 () is the canonical vector field associated to w} (o) in
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the sense of Example 3.2. If the differential of a){, (o) is symplectic, Np = Gp, and all the
Z4(Y) are 0.

Lemma 5.4, The open submanifold D is G'(J ) /N ,J; provided with its homogeneous differ-
entiable structure.

i(Jj)

Proof. The action of Gp on Gp/ N gives us a differentiable action of G’” on D. It is

enough to prove that this action is transitive.
Given two arbitrary points of D, there exist g € G p which transform the first of these
points into the second. Since g(D) must be a connected component of G p /N2, and g(D) N

D # () we have g(D) = D sothat g € G'(J). o

Lemma 5.5. N7, is a normal subgroup of G and G'Y) = GONL.

P P P PP
Proof. Since Gi(j ) / N is connected, it follows that the component of the identity in G'(J )
acts transitively on it. Thus G'(’ ) = Gy N ]

Now let n € NIJ,, g€ G'(’) In order to prove that g—!

ng e N 1{, it suffices to prove it
when gg € G0 Thus, we only need to prove that (Exp X)“'n Exp X € Np / forall X e Gp.

But n Exp t X is the integral curve of X having n as initial value, so that n(Exp t X)Np J is the
integral curve of Z ] p(X) having N, /. as initial value. The same holds for all n € Np /. Hence
we have n(Exp tX)NJ = (Exp tX)NJ for all t € R, and the result follows. Q

Thus G;Sj ) /N ,’; is a connected Lie group whose Lie algebra is isomorphic to G, /Np.
Since Gp/Np is an abelian Lie algebra, it follows that Gilsj ) /N 1’; is an abelian group.

In the following, the Lie algebra of GiP(j ) /N 1{, will be identified to Gp /Np by means of
the canonical isomorphism. Thus, for all X € G, we have Exp(X + Np) = (Exp X)NIJ;.

Lemma 5.6. The map, q, from P into the dual, (Gp/Np)*, of Gp/Np defined by
q(@)(X + Ng) = 0 (X)

forallo € P, X € Gp is a well defined map, whose image contains a basis of the dual of
Gp/Np.

Proof. For all o € P, q(o) is a well defined linear functional on Gp/Np.

Now leta!, ..., 0" € P be such that {or IG yery O IN } is a maximal linearly inde-
pendent subset of {alG o € P}. Then we have dtm(GP/NP) = r and q(orl) .,q(a”h)
is linearly independent. a

Let CJ be the canonical homomorphism from G'(J) onto G'/’/NJ. Thus we
have dC’ (X) = X + Np for all X € Gp. Hence, the transpose of dC{,,‘(dC ),
is such that '(dC})(q(0)) = olg,. for all o € P. Then (P, G, C}) € K{(G) and
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wa(|P, G",gj), C{, D=|P, N;; |. Thus we have the following theorem.

Theorem 5.7. The map defined by sending | P, GL,,C| € K'(G) to |P,KerC| € K(G) is
a bijection.

This gives us an alternative form of the classification of E(G).
We quote here, for future reference, the following lemmas.

Lemma 5.8. Let j € J(P)and Y, ..., Y, € Gp a basis of a supplementary of Np. Thus
Gy = (Expt'Y) - (Expt"Yn:n e Nyt .. " eR).

To prove this lemma one can proceed as in the proof of Lemma 5.1 with C = C {,, A=
Gy N ax = Yi + Np.i = i()).

Lemma5.9. Let j € J(P),i € I(P). We have i = i(j) if and only ifN{, C Gﬂ,, and
G’),/N;, is a connected subset opr/N;,.

Proof. The “only if” part is obvious. If N{, C Gj,, and Giz’/N;; is connected, thus G(;,
acts transitively on G’;,/ N ;,. It follows that for all g € Gﬂ,, there exists 7 € G?,, such that
gN# = hN},. Hence G4, € G4 N} = G'). Since G4 N} C G, the result follows. O

6. Multihamiltonian spaces

If (P,G%,C) € Ky(G), and P is completely regular in a sense to be explained in
Section 7, (G/Ker C)(G/G',, C (G'P)) 1s a principal fibre bundle with abelian structural
group. There is a family of connections on this bundle canonically associated with P. The
differentials of the elements of P are projectable on the base space and define a 2-system
on it, having some special properties. This 2-system is related to the curvature forms of the
connections. Thus, the HNDPS gives rise to principal fibre bundles with connections and
the base spaces of these bundles have a special geometrical structure. The study of these
spaces is the objective of this section.

A multihamiltonian G-space is a triple (B, D, G) where B is a connected differentiable
manifold, G is a connected Lie group and D is a set whose elements are pairs (§2, A) where
2 is a differential 2-form on B and A is a map from G into C*°(B) such that:

(1) (B, Dy, G)isaG-homogeneous nondegenerate 2-system, where D is the set consisting
of the first components of the elements of D.

(2) i(Xp)2 =d(A(X)) forall (2, ) € D, X € G, where X p isthe infinitesimal generator
of the action of G on B associated with X.

(3) A is R-linear for all (§2, A) € D.

4) A(X,Y]) = 2(Yp, Xp) forall (£2,A) e D, X, Y €G.



58 A.D. Miranda/Journal of Geometry and Physics 19 (1996) 47--76

Lemma 6.1. Let (B, D, G) be a multihamiltonian G-space and (§2,1) € D. Then §2 is
closed.

Proof. Since §2 is G-invariant, it follows that L(X5)§2 = O for all X € G. Thus condition
(2) implies i (X p) d§2 = 0. Since the action is transitive, it follows that d§2 = 0. a

Let (B, D, G) be a multihamiltonian G-space where D is composed by a single element
(£2, 1). Then £2 is a nondegenerated closed 2-form, i.e. a symplectic form. Conditions (3)
and (4) tell us that A is a homomorphism of Lie algebras when C*°(B) is provided with the
Poisson bracket associated to §2. Hence (B, §2, A, G) gives us a Hamiltonian space in the
sense of Kostant [7].

This section will be devoted to the classification of the multihamiltonian G-spaces (up
to isomorphism). This classification generalizes some of the well known Kostant results on
Hamiltonian G-spaces.

Let (B, D, G) and (B’, D’, G) be multihamiltonian G-spaces. An isomorphism from
(B, D, G) onto (B, D', G) is a pair (f, h), where f is a G-equivariant diffeomorphism
from B onto B’ and # is a bijective map from D onto D’ such that (2(1))(X) o f = A(X)
for all (£2, 1) € D, X € G, where h(1) is the second component in ~($2, A).

Let (f, h) be an isomorphism as above,(£2, 1) € D and let us denote by ~($2) the first
component in A($2, A). Then we have f*(h(£2)) = 2. In fact, for all X, Y € G, we have

Lf*(h(&2))1(Xp, YB) = h(2)(Xp, Yp) o f = [R()(Y, XD]o f
=AY, X]) = 2(X3, Yp).

Isomorphy defines an equivalence relation in the set of multihamiltonian G-spaces.
The equivalence class of (B, D, G) will be denoted by [B, D, G| and the quotient set
by Mham(G).

Let Mho(G) be the set composed by the pairs (P, G"P) where P is a subset of G* such
that Gp # G and i € I(P). Two elements, (P, G"P) and (Q, G’é), of MhO(G) are said
to be equivalent if there exists g € G such that @ = Ad;(P) and G"Q/ = ag(G"P). The
equivalence class of (P, G’P) will be denoted by | P, G'PI and the quotient set by Mh(G).

We shall give a classification of multihamiltonian G-spaces (up to equivalence) by giving
a bijective map from Mh(G) onto Mham(G).

Let (P, G"P) € Mho(G) and let p; be the canonical map from G onto G/G’},. The
definitions of Gp and G, entail the following lemma.

Lemma 6.2. For all 0 € P there exists a unique G-invariant 2-form Qf,,(o) on G/ G’},
such that p}(£25(0)) = do.

To each (0, X) € P x G we associate a function, )J},(o, X), on G/GS,, by means of
[Ap (o, X)](gG’I,) = Ad;a(X). '

The function A% (o, X) is C* since Ap(o, X) o p; € C*°(G) and p; admits local cross
section everywhere on G/ G's.
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Let A"P(a) be the map defined by sending each X € G to )‘ip (0, X). Itis a R-linear map.
Then we have the following lemma.

Lemma 6.3. (G/G%. {(25(0), A5(0)): 0 € P}, G) is a multihamiltonian G-space.

Proof. In order to show that (G/G',, {.Qj},(o*): o € P}, G) is a homogeneous nondegen-
erate 2-system,we only need to prove that {£2,,(0):0 € P} is nondegenerate. Since each
.Q;,(o) is invariant and the action is transitive we only need to prove that this condition
holds at a point.

We identify the tangent space to G /Gi}, at Gi}, with G/Gp in the canonical way. Let
X € G be such that i(X + QP).Q;,(O’) =0 forall o € P. Then we have i(X)do = O for
allo € P, ie. X + Gp = Gp.

Let us denote by X ’}, the infinitesimal generator of the action of G on G/ G"P associated
to X € G. Then, forall X, Y € G and o € P, we have

[d(Xp (0. X))(Yp)(gGp)
= d/dtl—o(Xp (0, X)) (Exp(—1Y)gGh)
= d/dt];=0(Ad}0)(AdExpiy X) = (Adjo)([Y, X))
= do(Ady-1 X, Adg1Y) = [R2p(0)(—Xp. =Y p)I(gG'p),

since (pi)a(Ady-1X)g = —(X;,)gG.-P. Hence we have i (X’)$25(0) = d( (0. X)) and
[V (0. [X, YDI(gGh) = (Adio) (X, Y]) = [2p(0) (Y, X}p)1(gGp). 0

Lemma 6.4. Let (P,G',), (Q, G’é) € Mho(G). Then we have | P, G',| = |Q, G"Q| ifand
only if IG/ Gy {(25,(0), M5 (0)):0 € P}, G| = |G/ Gy (R} (), 1y (@)): w € Q). GI.

Proof. We first prove the “only if” part. Let g € G be such that Q = Ad;(P) and Gl =
ag(G'). Thus we define a map, b, by sending hG', € G/G', to hg™' G/, € G/ G, This
is a well defined map. Since we have gj o R,-1 = bg o p;, and p; admits local cross sections
everywhere on its image, it follows that b,, is differentiable. Actually b, is a diffeomorphism
whose inverse can be defined in a similar way. Also we see that b, is G-equivariant.

Now we shall prove that (bg, A) is an isomorphism of multihamiltonian G-spaces, where
A maps (£2(0), A (0)) to (2, (Ad}o), Ay (Ad}o)). In fact, forall X € G, h € G and
o € P, we have

[Mp(Adya, X)] 0 by(hGh) = Ady _ Ad3o(X) = Adio(X) = [Mp(0, X)I(hG'p).
Conversely, let (f, h) be an isomorphism from (G/G',. {(£25,(0), A(0)):0 € P}. G)
onto (G/ G’ ,{(.QjQ(a)),kJQ(a))):a) € 0}.G).
Let g € G be such that f(Gi},) = gG’Q. If o € P, there exists ¢’ € Q such that
h($25,(0), Ap(0)) = (25,(0”), A} (0")). Then we have

a(X) = [Mp(o, X)I(GY) = [fo(o’, X))o f(G) = Ad}o'(X)
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forall X € G, so that 0 = Adjo’. It follows that Ad}_,(P) C Q. Since fUGh) =
g‘lG‘;D (because of the equivariance) we have Ad;(Q) C P. Thus P = Ad;(Q).

Since f is equivariant, it follows that the isotropy subgroup at gG, (i.e. 8G {8 =1y must
coincide with the isotropy subgroup at G’ (ie. G >). Hence we have G’ » = ag(GQ) |

Theorem 6.5. The mapfrom Mh(G) into Mham(G) defined by sending | P, GH 10|G/ G,
{(Q (o), A v(0). 0 € P}, G| is a bijection.

Proof. Because of the preceding lemma this is a well defined injective map which will be

denoted by 8. We only need to prove that 8 is onto. Let (B, {(£2,, Az):a € A}, G) be a

multihamiltonian G-space, where A is an index set. For each a € A we define a map, A,

from B into G* by means of [A,(b)I(X) = [Aa(X)](b), forallb € B, X € G. The map A,

is differentiable. In fact, let Xy, ..., X, be a basis of G, which provides us with a coordinate

system of G* by identifying G** with G. Each X; o, is C* since it coincides with A4 (X;).
Forallb € B, X, Y € G, we have

d/dt|i=o[2, ((Exp(—=tY))b)](X)
= d/dt|i=o[2a (X)J((Exp(—tY))b) = (YB)p(Xa(X))
= [$2.(X g, YB)I(b) = [Aa([Y, XD)b) = [A,(D)I(Y, X])
= [A,(b)ady (X)) = d/dt|;=0[2, (P))((Exp tady)(X))
= d/drl;=0[A, (D)W AdExpry (X)) = d/dtli=0(AdE, 1y [2a (DD (X).

But this implies that (A,).Yp = Y+, where Yg~+ is the infinitesimal generator of the
coadjoint action associated with Y. Since G is connected, it follows that A, is equivariant.
Now fix b € B and denote P = {A,(b):a € A)}. Since all A, are equivariant, it follows
that the isotropy subgroup at b, Gy, is contained in G p.
On the other hand we have

(i (YB)p$2)(XB)p) = (Aa([X, YDXB) = [A,(OIIX, Y] = [L(Y)(A,(bHI(X)

foralla € A, X,Y € G. Since {£2,:a € A} is nondegenerated and each £2, is closed, it
follows that we have (Yg)» = 0 if and only if L(Y)(2,(b)) = O for all @ € A. Hence the
Lie algebra of G is Gp. Thus there exists i € /(P) such that G, = G’},.

The proof will be finished when we prove that (B, {(£2,, A4):a € A}, G) is isomorphic
to (G/G' ,{(.Q (o), Al ‘»(0)):0 € P}, G).

Let h be the map from {(.Qa, Aq):a € A} into {(.Q’ (o), Al '»(0)):0 € P} defined by
h(24,%a) = (25 (A,(b)), Mp(2,(b))). This map is obv1ously onto. Later on we shall
prove that A is also injective.

Let b be the equivariant diffeomorphism from G/G} onto B defined by sending gG) to
gb. Then, foralla € A, X € G, we have

2a(X) 0 b(gGp) = [2,(8D)I(X) = (Ady (A, (0))(X) = [Mp (3, (), X)1(gGC'p)

so that
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ha(X) 0 b = [Mp (A, (BYI(X). (1

As a consequence of (1) we see that the relation h(§2,, ;) = h(£2,, Ay) implies A,(X) o
b = Ay (X) ob. Then we have A, = A, and this relation implies easily that £2, = £2,/. We
thus see that A is injective.

The pair (b, h~') is an isomorphism from (G/G',, {(£2},(6). A;x(0)): 0 € P}, G) onto
(B, {(824, 1y):a € A}, G) because of (1). =]

Remark 6.6. Let P be such that G, # G. There exist k € I(P) such that Gp = G’;,.
Let us denote 2p(0) = 2%(0), Ap(a) = A4 (0) forall o € P. Thus (G/Gp, {(2p(0).
Ap(0)):0 € P}, G) is a multihamiltonian G-space.

The canonical map from G/G’;D onto G/Gp, p;,, is a covering map. We have .Q;,(o) =
(pp)*R2p(c) and Ap(0, X) = Ap(o, X) o pp forallo € P, X € G.
The canonical map from G/ G(}, onto G/ G, p?, is a covering map and we have .Qg(o) =
(P))*2%(0), A% (0, X) = Ap(0, X) o p forallo € P, X € G.

When G is simply connected, G/ G(}, is the universal covering space of all of the G/ G’},
and any covering space of G/G p is diffeomorphic to a G/ G'},.

7. Fibre bundles arising from homogeneous nondegenerate 1-systems

Let P be a subset of G* containing some nonzero element.

P is said to be regular if Ng is closed and Gp # Np. Otherwise P is said to be singular.
P is said to be algebraically singular when Gp = Np. When N?, is not closed, then we
say that P is ropologically singular. Note that, if P is algebraically singular, then we have
Ng = G(},, so that P cannot be topologically singular. If P is regular and Gp # G, then we
say that P is completely regular.

The adjectives regular, topologically singular, algebraically singular or completely reg-
ular are also applied to elements (P, N{,) of Ko(G) or (P, G! ,C) of K(’)(G) when P
is regular, etc. A multihamiltonian space (resp. homogeneous nondegenerate 1-system) is
said to be regular, etc. if it is equivalent to one of the forms (G/ Gi,, {(.pr (o), )J}, (0)):0o €
P}, G) (resp. |G/ N, Plj , G|) where P is regular, etc. The adjectives are also applied to
the equivalence classes of these objects.

Lemma 7.1. Let P € G* be such that P # {0}. Then

(a) P isregularifandonlyif H om?D contains some nontrivial homomorphism.

(b) P is algebraically singular if and only if Hom?D = {1}, where t is the trivial onto
homomorphism ( from G?,, onto {e}).

(c) P istopologically singular if and only if H om(}, is empty.

Proof. Let P be regular. We have G';O) = GY%. Thus Ci,(o) € Hom%(G%/NY) and C;,(O)
is not trivial.
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Conversely, let C € Hom(l),(A) be nontrivial. Thus NIO, is closed and dim(Gp/Np) =
dim(A) # 0. Hence o is regular.
The proof of (b) and (c) is left to the reader. a

Let (P, G, C) e K(’)(G), NIJ; = Ker C, where P is completely regular. Thus i = i(j)
(cf. Lemma 5.9). _ _

We know that G/ N{,(G /G, G;, /N {,) is a principal fibre bundle with the canonical
map, pj;, from G/N 1’; onto G /Gi}, as bundle projection.

We have two actions on G /N {,. Firstly, the canonical action on the left of G on G/N {,: g-
(hN {;) = (gh)N {,. On the other hand, we have the action on the right of the structural group,
G /N}, on G/N}: (gNL) - (hNL) = (hg)N}, for all g € G, h € G. This action on the
right will be referred to as bundle action.

The Lie algebra of G"P /N }J, will be identified in the canonical way with Gp/Np.

Lemma 7.2. The infinitesimal generator of the bundle action associated withY + Np, Y €
Gp is Zp(Y) .

Proof. The value at AN }J; of the infinitesimal generator associated with ¥ + Np, since the
action is on the right, is the tangent vector to

Expt(Y 4+ Np) - (hNL) = hExptY N} = pj - Respiy (h).

But the tangent vector to this curve is pj«(Yy) = (Z{,(Y))(pj (h)). d

Remark 7.3. The canonical action and the bundle action commute each other. Therefore,
the vector fields Z ﬁ,(Y ) remain invariant under the canonical action and the infinitesimal
generators of the canonical action remain invariant under the bundle action.

Let us denote by X {, the infinitesimal generator of the canonical action associated with
X € G. Let ¢ be the diffeomorphism of G/N }J, associated, by the bundle action, with
gN} € G /N3,

We have g o p; = p; o R,, so that

pj’-‘((p*wﬁ,(a)) = R;(pj’-‘a){,(a)) = Ryo = Adjo =0 = p}‘(a){,(a)).

We have thus proved the following lemma.
Lemma 7.4. a){, (o) is invariant for the bundle action for all 6 € P.

Let P be the subset of (Gp)* composed of the restrictions to G, of the elements of P and
let (P) be the subspace of (Gp)* generated by P . The dimension of (P) will be denoted
by r(P) and we have r (P) = dim Gp—dim Np. Also r (P) is the cardinal of each maximal
linearly independent subset of P.

Let Q}E be the set consisting of ¢ € G* such that ¢ = 0, where ¢ means the restriction
of o to Gp.
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We denote by S(P) the set consisting of r(P)-dimensional subspaces of G* such that
S N P contains a basis of S and S N Q# = {0].

The elements of S(P) can be obtained as follows. Let 5!, ..., 6" ") € P be such that
(o', ...,0"P)} is a maximal linearly independent subset of P. Then the subspace of G*
spanned by {o', ..., 0"}, (¢!,...,0"), is an element of S(P).

Let S € S(P) and letal, ...,a"®) ¢ P beabasis of S. We define an isomorphism, g5,
from S onto (Gp/Np)* by means of (gs(0))(X + Np) =o(X)forallo € §, X € Gp. On
the other hand, we know that for all & € S there exists a unique w{, (o) € 22! (G/N{,) such
that o = pj’.‘(a){,(o)) and a unique .Q;,(a) € .QZ(G/G'},) such that p,.*Qi,(o) = do. Thus
we have the following lemma.

Lemma 7.5. Letg € G,v € Tg N (G/N {,). Thus there exists a unique element of Gp /Np,
P

which we shall denote by d){, (S )g N (v) such that
P

45@)@p(S)gys - () = wp(0) s V)
forallo € S.

Proof. Since g, ..., " ") are linearly independent, there exist yi, ..., y,(p) € Gp such

that 0% (y;) = 8 forall i, k = 1,..., r(P). Thus {gs(c*)} is the dual basis of {yx + Np}.
If @p (S)gN;-’(v) exists, we must have

) Py
DSy - ) = Y @p(0") s - )Gk + Np),
k=1
which proves uniqueness. To prove existence, it suffices to define cb{, (S)g N (v) by the
P

above relation. O

This lemma enables us to consider the differential 1-form @ ,., (S),onG/N 1{, whose value
at gNy, sends v € T (G/Np) 10 @p(8) i (V).
: P P
With the usual identifications and the notation of the proof of Lemma 7.5 we can write

. e
h(S) =Y wh(c®) ® Gk + Np).
k=1
As a consequence of Lemmas 7.4, 7.2 and 5.2, we see that this form is a connection form
on G/NL(G/ G, Gh/ND).

Since the structural group is abelian , the curvature form is the differential of the con-
nection and will be identified to its projection on the base space. Thus the curvature form
is given by

~ r(P) .
2p(S) =) 2p©") ® Ok + Np).
k=1
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Infact,forallk =1, ..., r(P), we have

P} (P} 2p(0) = p} 25 (0*) = do* = pld(w} (@"))
so that pijj,(ak) = d(w{,(a")).

Proposition 7.6. Let S, S’ € S(P). Then there exists on G/ GiP an invariant 1-form with
values in Gp/Np, a,such that

Gh(S) = ah(S) + pha, bS8 = 25(S) + de

In particular, the class of Q}(S) in the invariant cohomology with values in Gp /Np
does not depend on the choice of S in S(P).

Proof. The 1-form @ 1; 8 — 5){, (S) vanishes on vertical vectors and is invariant by the
bundle action. Thus it projects to a unique 1-form, a, on G/G’),. Since cb,',(S’) - cbl; (S is
G-invariant and pj; is G—eqqivariant, uniqueness of « implies that « is G-invariant.

The relation £2;,(S") — 25 (S) = da follows from the fact that the left-hand side is the
projection of d(@ (S') — @} (S)). o

Until now, we have used the existence of C but not C itself. Since each connected abelian
Lie group is isomorphic to the product of a torus by a euclidean space, we can assume that
C(G%) = TP x R?, p + q = r(P). Thus C gives us an isomorphism from G, /N3, onto
T? x R4, which enables us to identify these groups . In the following the preceding fibre
bundle is considered to have 77 x R? as structural group. The Lie algebra of 77 x R? is
identified to R""), in such a way that the exponential map becomes

.] P
Exp(a,....a?,b', ... by = (%19 . . e¥a’ pl . b9).

Theorem 7.7. Let P be completely regular,i € I(P), C € Hom’),(Tp x RF(P)—py, N{, =
KerC, S € S(P). Then there exist uniquely defined nt .., n P) ¢ S such that dC =

@'y " P)). The connection form is given by cZ);, (S) = @h (Y. ..., wh(rP)) and
the curvature form by 25,(S) = (25(n"), ..., 25 @ P)).

Proof. Y(dC) gives us an isomorphism from (R”(*))* onto (P). The map defined by sending
each element of § to its restriction to Gp is an isomorphism from § onto {P). We denote
by f the composite map of the former isomorphism with the inverse of the latter one. To
prove existence it suffices to define ' = f*e!, i = 1,...,r(P), where {¢'} is the dual
basis of the canonical one. Unicity follows from the definition of S(P). O

Let o0 € (P). Since the restriction of o to G(I), is closed, it defines an element, [o], of
H'(G%, R). The image of H1(GY, Z) under the canonical map into H!(G%, R) will be
denoted also by HI(G0 ,Z). We have [0] € Hl(G0 , Z) if and only if fy o is an integer
for all finite singular 1-cycles with integer coefficients.
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Since G(}, is a connected Lie group, m(G(},) is abelian so that m(G%) is canonically
isomorphic to H) (G(},, R). Both groups are finitely generated.

In order to prove that [¢] € H'(G%,Z) it suffices to prove that fy,- o € Z, where
the y; are piecewise differentiable representatives of a set of generators of m(G(;,). Let
[c] € HY(GY, 7). By means of the canonical isomorphism from Hom (| (G(},), Z) into
HY(GY, Z), [o] can be considered as the element of Hom(m (G(},), Z) defined by sending
the homotopy class of y to [ 0.

Letp'. ..., n"® be as in Theorem 7.7. Thus [n¥] € H'(G%.2),ifk = 1,..., p, and
[n"] =0,fork = p+1,..., r(P).Infact, as we have seen in the proof of Theorem 7.7, the
restrictions of ', ..., 7" to Gp are the pullback by C of the basis dual of the canonical
basis of the Lie algebra of T? x R"")~P_ The proof follows from the fact that each of the first
p elements of the dual basis has integral 1 on one of the fundamental cycles of T7 x R (P}~
and 0 on the others, whilst the last r(P) — p elements have integral 0 on all the cycles.

Conversely, given a completely regular P, let us assume that there exist p < r(P) and
nt...on" P e (Pysuchthat [n*1 e HY(GY. R) — {0}, k=1,.2.....p, ("1 =0, k =
p+1,....r(P).

Thus we define Hp € Hom% (TP x R"P)=P) by sending each g € G 1o

.....

Hp(g) = e271ifyr]"“”e2nifynp’ o /n'(m

Y Y

where y is a piecewise differentiable curve in G(}, such that y (0) = e, y(1) = g. Of course,
one can give homomorphisms onto other products 7% x R"")=5 s > p, changing some
of the last R(P) — p entries by suitable exponentials.

We see in this way the relation between the search for the nonempty Hom’},(T” X
R"(P)=P) and the one for basis of (P) composed of elements with integral cohomology
class. This relation will be explained with much more detail in the particular case in which
P is composed of a single element. This will be accomplished in Section 8.

The preceding considerations applies to the HNDPS in an obvious way: to each com-
pletely regular homogeneous nondegenerate 1-system one associates a multihamiltonian
space in such a way that one obtains a principal fibre bundle with abelian structural group.
Some of the subspaces generated by elements of the 1-system define connections in the
principal fibre bundle and the corresponding curvatures are given by linear combinations
of elements of the 2-system.

The multihamiltonian spaces associated to equivalent 1-systems are equivalent. Thus we
obtain a map from equivalence classes of completely regular homogeneous nondegenerate
1-systems to equivalence classes of completely regular multihamiltonian spaces. This map
is not surjective since the multihamiltonian spaces which appear as base spaces of the
preceding fibrations are not arbitrary. In fact, we have the following proposition.

Proposition 7.8. Let n* be as in Theorem 7.7,k = 1,2, ..., r(P). The cohomology class
of Q;, (%) is integral. Fork = p + 1, ..., r(P) this cohomology class is 0.
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8. Homogeneous contact manifolds

In this section we consider HNDPS consisting of a single 1-form. As we have seen, its
equivalence classes compose a set which is in a one to one correspondence with the subset
of K'(G) composed by the | P, GL,, C| such that P consists of a single element. This subset
will be denoted by C'(G).

Let P be a subset of G* consisting of a single element, . Under these circumstances we
use the same notation as in the preceding sections but replacing P by o. In the case where
this lead.s to the use of two o such as in a)é (o) or .(2(’; (o) one of the o is suppressed, thus
using w or 2!, respectively.

Let us denote by C/.(G) (resp. C.(G)) the subset of C’'(G) composed of o', G%;, C| such
that o is regular (resp. algebraically singular). Obviously, the condition is independent of
the representative. C’(G) is the union of C}(G) and C;(G).

We denote by Cont(G) (resp. Esy(G)) the set composed of the equivalence classes (in the
sense of the HNDPS) of homogeneous contact manifolds (resp. homogeneous exact sym-
plectic spaces). Because of Lemma 3.3, the set of equivalence classes of HNDPS composed
of a single 1-form is Cont(G) U Esy(G).

Proposition 8.1. The map defined by sending |o, Gi,, Clto IG/NJ, wé , G| ,where Nc{ =
Ker C, maps bijectively C|.(G) onto Cont(G) and C,,i(G) onto Esy(G).

Proof. It suffices to prove that no element of the image of C; (G) (resp. C,,(G)) is in Esy(G)
(resp. Cont(G)). )

If o is regular, dim G, = dim N, + 1 and dim G— dim G, is even. Thus dim(G/N3) is
odd, so that da)é cannot be symplectic.

If o is algebraically singular, dim(G/ N(f) is even so that a)cj; cannot be a contact form.O

As a consequence of Lemma 7.1 we have the following lemma.

Lemma 8.2. An element, o, of G* is regular if and only if there exists a homomor-
phism from Gg onto S' whose differential is the restriction of o to G, up to a constant
Jactor.

Let o be regular. For all j € J(0), Z (a){;) (see Example 3.2) is invariant by the action.
Since this action is transitive, the group of periods of all its integral curves is the same, and
will be denoted in what follows by P . This group coincides with {t € R: ExptY € NJ},
where Y € G, is such that (Y) = 1. Its nonnegative generator (i.e. the period) will be
denoted in what follows by T(a)é).

Let |o, Gf,, C| € C/(G). Thus C(Gf,) is isomorphic to R or to S! and we can assume
without loss of generality that one of the following conditions holds:

(i) C is a homomorphism from G onto R such that dC is the restriction of & to G*.
(ii) C is a homomorphism from G onto R! such that dC is, up to a positive factor, the
restriction of o to G*.
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In fact, there is a representative of the equivalence class, whose homomorphism is in one
of the preceding cases.

The subset of Homi, (R) (resp. Homi,, (S consisting of the homomorphisms from Gg
onto R (resp. S') such that dC is the restriction of o to G* is denoted in the following by
Hom' (R) (resp. Hom! (R!)).

Thus in order to obtain all homogeneous contact manifolds, up to equivalence and up
to a multiplicative positive constant in the contact form, for a given Lie group, G, one can
proceed as follows:

(i) Take a representative of each coadjoint orbit.
(i1) For each representative, o, determine the corresponding isotropy subgroup G4 and
the G.,i € I(0).
(iii) For each i, determine the sets Hom! (S') and Hom' (R).

The o that gives rise to homogeneous contact manifold , i.e. the osuch that H om! (R) or
Hom' (R') are non empty for some i € /(o) , will be called R-quantizable or quantizable,
respectively. Of course, if o is R-quantizable, it is quantizable. The search for quantizable
forms, can be made much easier by developing the methods initiated at the end of Section 7,
as follows.

Let o € G* be such that [0] € H'! (Gg, Z). Thus, we denote by N, the set consisting
of the g € GCO, such that there exists a curve, y, in Gg such that y(0) = ¢, y(1) = g
and fy o €Z. If g € Ny and y’ is a curve such that y'(0) = ¢, y'(1) = g, we also have

J,»0 € Z.Since o|yo = 0 and Ny is connected, NY C No.
Let C, be the map from GY to S! defined by sending g € GY to

Cotg) =71,

where y is a piecewise differentiable curve in Gg such that y (0) = ¢, y(1) = g. See the
definition of Hp in Section 7.

Lemma 8.3. C; is a homomorphism whose kernel is N, and dCy; = 0.

Proof. Letg, g € GY,andy, y’ curvessuchthaty (0) = y'(0) = e,y (1) = g,¥'(1) = g'.
Let y * gy’ the “product” (in the homotopy theory sense) of the curve y by the curve, gy’,
givenby (gy')(1) = g-(y'(1)). Hence (y xgy")(0) = y(0) = e, (y xgy")(1) = (gy')(1) =
gg' and

fa=f0+gla=yfa+y[a,

y*gy’ Y

since Lo = o. It follows that Co (gg) = Cs(8)Cs(g).

The relation Ker C, = N, 1is obvious.

For all X € G, we can consider the curve y(t) = ExptX, t € [0, 1], thus obtaining
Co (Exp X) = e2™9(X)_ As a consequence, C, is differentiable and dC, = g.
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In particular, N,; is closed and N is its connected component of the identity. Thus N2
is also closed. o

As a consequence, if [o] € H 1(62, Z), o is not topologically singular. If moreover
[o0] # 0, o is regular.

Now let us assume that [o'] = 0. Thus we denote by C’. the map from G into R, defined
by sending g € Gg to

C'(®) =/0,

4

where y is a curve in Gg such that y(0) = e, y(1) = g. See the definition of Hp in
Section 7.

Lemma 8.4. C. is a homomorphism whose kernel is N0 and dC!, = .

Proof. We see, as in the proof of Lemma 8.3., that C/, isahomomorphismand C,, (ExptX) =
to(X) forallt € R, X € G,. It follows that C,, is a Lie group homomorphism and that
dC! = g. In particular NO C Ker C.,.

If o is algebraically singular Ker C,, C Gg = N2 and the proof is complete.

Now let us assume that o is not algebraically singular. Thus, there exists ¥ € G, such
that o (Y) = 1. Because of Lemma 5.8, for all & € GO, there exists r € R, n € N?, such
that b = (ExptY)n. Thus t = CJ (h). In particular, if h € Ker C, we have ¢t = 0 so that
h e NO. m]

We quote here for future reference the following lemma.
Lemma 8.5. Let[o] € H'(GS,Z), g2€Gg,80 € Gg. Thus go_lg_lgog € Ng.

Proof. Let y be a curve in G such that y(0) = e and y (1) = go. Since L;;, Rio =0,
we have

/a:/L;_lR;a= / o
% %

g lve

so that C, (g0) = Co (g~ 'gog). Hence we have go"lg'lgog € Ng. Thus go_lg_lgog can
be joined to e by a curve contained in N,;. Hence g5 'g"gog € NJ. o

Corollary 8.6. If[c] € H l(Gg, R), then Ng and N, are invariant subgroups of G,.

Let[o] € HY(G2,2),i € I(0). Let pi, (resp. pZ) be the canonical map from G, /N,
(resp. Gf, / Ng yonto G / Gg .Wedenote by ! (resp. R’ ) the set composed of the subgroups,
N, of G{ /N, (resp. GL /NQ) such that pi |y (resp. p/f|) is bijective, i.e. an isomorphism.

Notice that Sj, (resp. Rf,) is bijective to the set composed of those sections of pf, (resp.
P2y which are homomorphisms.
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Theorem 8.7. Let o be regular. The following conditions are equivalent: (1) o] €
HY(G2,7); Q) T(@?) € Z; 3) Hom3(S") # 0. If these conditions hold, Hom' (S"
is bijective to S and, if non-empty, to Hom(Gi,/Gg, sh. foralli € I(o).

Proof. Since o is regular, there exists Y € G, such thato(Y) = 1. If [o] € H'(GY, Z).
we have C, (ExptY) = e?™ and Exp T(@2)Y € NO C N,. Thus T () € Z.

Now, let us assume that T(a)g) € Z. Given gy € Gg, letr € R,n e Nr(,) be such that
go = (Exp tY)n. The real number ¢ is well defined modulo T(wg), by go. The map defined
by sending go to e27i is well defined and an element of Hom? (S1 ).

Now leti € [(0), C € Homo,, (SH. Let i be the left invariant 1-form on S! such
that (1) = 1. C*u is a left invariant 1-form on Gg such that C*u(Z2) = u(dC(Z)) =
u(o(Z)) =o(Z)forall Z € G,. Thus C*u = o and, since (1] € H'(S', Z) , it follows
that (o]l e H ! (Gg, 7). This finishes the proof of the equivalence of the three conditions.

Now let us assume that the conditions hold. We shall define a one to one map from ..
onto Homi7 (ShH.

Let N € S'. We define a map, fn, from G onto G/N, by means of fy(g) =
g((pLIn)""(g7'GY)). The map fy is an onto homomorphism.

On the other hand C, gives us an isomorphism, C_, from G% /N, onto S! (since o
is not algebraically singular and dC, = g, C, is surjective). Let us denote by Cy the
composite map C_ o fn. Since the restriction of Cy to Gg is Coy, we have dCy = o. Thus
Cy € Hom! (Sh).

We shall prove that the map, (p[’;, from Sf, into Hom! (Sl) defined by (pf,(N) = Cy is
bijective. We shall explicitly give its inverse.

Let C € Hom! (S"). We have C|z0 = C, so that N, = Gy Ker C.

We have Ker C /N, € S[’;. In fact, forall g € G{,, there exists go € Gg, n € Ker C, such
that g = ngo. Thus gGg = nGg = pﬁ, (nNy). This proves that (pf,lH) is an onto map,
where we have denoted Ker C/N, by H. On the other hand, if n, n’ €Ker C are such that
nG® = n'GY, then we have n~'n’ € GY N Ker C = N,,. This proves that p! | is injective.

The map defined by sending C € Hom! (S') to Ker C/N, € S’ is the inverse of ¢! .

To end the proof, notice that Hom(Gﬁ,/Gg, Sl) acts freely and transitively on Hom’; (Sl ),
if this set is nonempty. The action is given by C- F(g) = C(g)F(gGg) for all F €
Hom(G! /G%,8"), C € Hom! (") and g € G! . 0

Corollary 8.8. Leto be regular. Thus there exists A € R—(0) suchthat Alo] € H! (Gg. 7).

Proof. If o is regular, there exists A € R — {0} such that Hom?w (S") # @ (cf. Lemma
8.2). Thus [Ac] € H'(GY, 2). 0

As a consequence of this result and the remark following the proof of Lemma 8.3, we
have the following corollary.

Corollary 8.9. Let us assume that o is not algebraically singular. o is regular if and only
if[Ac] € HY(GY, Z) for some A € R — {0).
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Theorem 8.10. Let o be regular. The following conditions are equivalent: (1) [o] = 0;
2 T(a)g) =0; 3 Homo7 (R) # @. If these conditions hold, Hom"7 (R) is bijective to Rf,
and, if nonempty, to Hom(G' /G°, R) for alli € 1(0).

The proof of this theorem is similar to that of Theorem 8.7, and is left to the reader.

As a consequence, if ¢ is regular and [o] is integral but not zero, H om"7 (R) is empty for
alli.

Notice that, if G is simply connected G. /G is isomorphic to the fundamental
group of the Hamiltonian space G/G., so that Hom(G! /G2, H) is isomorphic to
Hom(m\(G/GL), H).

Let o be regular and [0] = 0. Let s be a section of the canonical map from G’ onto
Gf,/ Gg. Forall X, K’ € Gé, / Gg, there exists a uniquely defined 5(K, K’) € R such that
s(K)-s(K"y=s(K-K'Y(Exps(K,K')Y)n,wheren ¢ Nf,) and Y € Gsuchthato(Y) = 1.
‘We thus obtain a 2-cochain, s € C Z(Gf, / Gg, R), which by direct calculation is proved to be
a 2-cocycle. The corresponding cohomology class, [s] € H Z(Gé / Gg, R) is independent
of the section we have chosen and will be denoted by ¢’ . If we identify G2/N? with S!
by means of C,,, t(", is the cohomology class corresponding to the extension of Gf, / Gg by
G /NO.

We shall also denote by H 2(Gi,/ Gg, Z) the image of the natural homomorphism of
H*(G! /G2, Z) into HX(G' /G, R).

Proposition 8.11. Let o be regular and (o] = 0. We have Hom' (S") # @ (resp. Hom! (R)
# @) if and only iftf, € HZ(Gf,/Gg, Z) (resp. t. = 0).

Proof Let N € S(", (resp. N € R!) and let us choose a section s in such a way that
s(K)Ny € N (resp.s(K)N? € N)forall K € G. /GY. Thus, forall K, K’ € G./GY, we
have (Exps(K, K')Y)n = s(K-K')"'s(K)s(K') € N, (tesp. N2), since N is a subgroup
of G{ /N, (resp. GL /ND).

On the other hand C (ExptY)n) = t. Thus 5(K, K') € Z (resp.5(K, K') = 0).

Conversely, let t; e H Z(Gg, Z)(resp. t(", = 0). Let s be a section such that 5(K, K’) €
Z (resp. s = H, where H € C1(G% /GY, R)). Thus {s(K)N,: K € G, /GY} € S (resp.
{s(K}Exp—H(K)Y)N?: K € G /G%} € RY). ]

As a consequence, if HX(G. /G2, R) = 0, then Hom! (R) # @. If the subset
H%(GL/GY, Z) of H*(G! /GY, R) vanishes and Hom' (S') # @, then Hom' (R) # 0.

Corollary 8.12. If Gf, has a finite number of components, then H om’; (R) consists of exactly
one element.

Proof. Let m be the order of G¢ /GY. Multiplication by m in R is an isomorphism, thus
giving an isomorphism in cohomology. But multiplication by m is the zero homomorphism
in cohomology (cf. [5, 16.5, p.227]). Thus H"(G./G%,R) = O for all n > 1. Thus

Hom' (R) is nonempty so that it is bijective to Hom(G. /GO, R). But Hom(G. /G%, R)
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consists only of the identity element. ]

Also in the general case in which o is regular and [0] € H ! (Gg, Z) we have cohomo-
logical methods to know the cardinality of the sets Hpm! (Sh.

In this case, we can consider the action of Gi,/ Gg on S! by automorphisms (i.e. S!
becomes a (G% /GY)-module) given by gG° * C,(g0) = Cs(ggog™") and the cochain
defined by sending a pair (k, k") € (G /G2)? to Cy(s(k)s(k')s(k, k')~ "), where s is a
section of the canonical map of Gi, onto G',/GY. This cochain is in fact a cocycle and its
cohomology class, 7i € H*(G /G2, S'), does not depend on the section s. If we identify
Gg /N, with §! by means of Cy;, t(", is the cohomology class corresponding to the extension
of Gi, / Gg by Gf, /Ns. We have the following proposition.

Proposition 8.13. H omi, (S") is nonempty if and only if tl = 0. When this is the case,
N T . i 1
Hom (S°) is bijective with the set composed by the 1-cocycles, A (Gg/Gg .SH.

Let [o] € H1(Gg, 7). The image of [o], [c](H] (Gg, 7)), is a subgroup of Z whose
nonnegative generator is the highest common factor of the subgroup if [o] # 0 and O if
[o0] = 0.If[o] # 0, itis also the highest common factor of the f}’i o,wherey;,i =1,..., N,

are piecewise differentiable curves whose homotopy classes generate ) (Gg. e).

Proposition 8.14. Let o be reguiar and (o] € H' (Gg, Z). Thus the nonnegative generator
of [0)(H\(Gg, D)) is T (), i.e. [0 1(H1(GY, 7)) = PY.

Proof. If [o] = 0, we know from the preceding theorem that T(wg) =0.
If [0] # 0, we have Hom? (R) = @. Thus G2 /N2 must be isomorphic to S'. Let f be an
isomorphism from Gg/Ng onto S'. Thus d(f o Cg) = Ao for some A € R — {0}. We can

choose f sothat A € RT. We thus have A = I/T(wg), so that focg € Homg/r(wo)(sl).

In particular, [a/T(a)g)] e H! (Gg, Z), so that T(a)g) is a common factor of the fy o for
all piecewise differentiable curves in Gg starting and ending at e.

Let us denote by y; the curve y (1) = ExptT(a)g)Y,t € [0, 1], where Y € G, is such
that o (Y) = 1. Let y; be a curve in Ng starting at Exp T(a)g)Y and ending at e. Thus the
integral of o on y; * y is T (w?), so that T (w?) is the highest common factor of the fy .0

Corollary 8.15. Let [0] € HY(GY,Z) — {0). Thus N

_ n0
/T = Ns.

Proof. LetY € G_ be such that o(Y) = 1. Thus N, = {(ExptY)n:t € Z,n € Ng}.

=0
Since [0/T ()] € H'(GY,Z) we can consider N, 0, and we have N, 7 0,

{(ExptT(a)g)Y)n:t eZ,ne Ng} = Ng. O

As a consequence of these results, one can proceed as follows in order to know which
1-forms are quantizable. After steps (i) and (ii) have been completed, one can look for a set
of generators of (G?,) and evaluate the integral of ¢ along all of them. Then:

(i) If these integrals are all zero, o and all of its proportionals are R-quantizable and, as
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a consequence, quantizable. The concrete i € /(o) for which the homomorphisms
exist, can be determined by means of R’ ort?.

(ii) If there exists a A € R whose product by the integrals are integral numbers, not all zero,
let us denote by T the greatest common factor of these integers. Thus all the kAo /T,
k € Z, are quantizable but not R-quantizable. The concrete i € [ (o) for which the
homomorphisms exist, can be determined by means of S: or z:.

(1ii) If no such a A exists, then no 1-form proportional to ¢ is quantizable.

Once the quantizable forms are known, one can determine C, and C[’r (when it exists)
and then, complete step (iii).

The HCM, like all HNDPS (cf. Section 7), gives rise to principal fibre bundles with
connection. We now describe briefly the situation in this particular case. More details are
given in [4].

Let o be regular, G # G, i € I(0) and C € Hom' (S") .

We can define an action of S! on G/Ker C by means of (g Ker C)*s = gh Ker C, where h
is an element of Gf, such that C(h) = 5. Actually (G /Ker C)(G/ Gﬁ,, Shisa principal fibre
bundle, the bundle action being the preceding one and the bundle projection, the canonical
map.

Let Z(w) be the vector field defined by

izow =1, iz@dw =0,

where w is the contact form defined on G/Ker C by o. If we denote by T (w) the period of
any integral curve of Z(w), then we have A = 1/T (w). Thus w/T (w) is a connection form.
Since the structural group is abelian, the curvature form is dw/T (w). There exists a unique
2-form on G/ G’ , whose pullback under the bundle map is the curvature form. This form
itself will also be called curvature form. Its reciprocal image under the canonical map of
G onto G/G’ is do/ T (w). This form is symplectic and its cohomology class is integral .
The manifolds G/G:, provided with these symplectic structures are the Hamiltonian spaces
(cf. [7]) of the group G.

If C € Hom' (R) we have similar results but the structural group is R and the connection
form is, simply, the projection of .

In any case, the manifold G /Ker C is the quotient of G/ N[(,) by a properly discontinuous
free action of Ker C/ Nf,). The following lemmas give us information regarding this group
and the action. For each quantizable form, we consider all of its proportionals which are
quantizable.

Lemma 8.16. Let o be regular, T(0?) € Z—{0} and C € Hom;'w . (wo)(s‘), ke Z—1{0}.

Thus we have an exact sequence | — Z/kZ — Ker C/Ng — G;/Gg - 1.

Proof. Let Y € G, be such that o(Y) = 1. Since C((ExptY)n) = e?™k/T@5) for gl
teR,ne Ng, we see that Gg NKerC = {(Exp(zT(a)g)/k)Y)n: z€Z,ne Ng}.

The map, f, defined by sending z + kZ to (Exp(zT (wQ)/k)Y)N? € Ker C/N? is a well
defined injective homomorphism whose image is (Ker C) N Gg) / Nf,) . Thus the sequence
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I > 2/kZ 5 KerC/N® B KerC/(G® NKerC) — 1, where p is the canonical map,

is exact. But ker C/(Gg NKerC) € S]’;U/T(wo) (cf. the proof of Theorem 8.7) so that it is

isomorphic to G /GY. 0

Lemma 8.17. Let o be regular, T(a)g) = 0and C € Homf,(H), where H = R or
H=S"IfH = RKerC/N? ~ G! /GO, if H = S, we have an exact sequence 1 —
Z — KerC/N? - G /G% — 1.

Proof Let A € R — {0} be such that C € Hom!, (H).If H = R, we have C/A €
Hom/, (R). Thus (Ker C)/NJ = (Ker(C/A))/Ny € R, and the result follows. If H =
S!, we have C({(ExptY)n) = eMAl forallt € Ron e Ng. Thus GgﬂKerC =
{(Exp(z/A)Y)n : z € Z,n € Nf,)}. The remainder of the proof is similar to that of
Lemma 8.16. O

Proposition 8.18. Let o be regular and T(a)g) € Z — {0). Then G/Ny is the quotient of
G/ Ng by the properly discontinuous free action of the group of T(a)g)-roots of 1 given by
the bundle S'-action.

Proof. The diffeomorphism of G/ N((,) associated by the action to gNg € Ny/ N(? is the
diffeomorphism associated by the bundle action to g N considered as an element of G3 /N9
i.e. the diffeomorphism associated by the bundle action to C /T(wo)(g) e S (cf. Corollary
8.15). Since N, = {(ExptY)n : t € Z,n € N2}, we have C, ;7 ,0,(No) = {e2rit/T(wy) .
telZ). O

In a similar way we have the following proposition.

Proposition 8.19. Let ¢ be regular and T(a)g) = 0. Then G/ N, is the quotient of G/ Ng
by the properly discontinuous free action of Z given by the bundle Z-action.

9. An example: Quantizable forms for relativistic particles

It is a generally accepted fact that relativistic free particles correspond, via Geometric
Quantization, to quantizable forms of the universal covering group of Poincaré Group. In
this section we apply the preceding methods to this particular case.

The universal covering group of Poincaré group is the semidirect product SL(2, C) &
H(2), with group law given by (A, H) * (B, K) = (AB, AKA* + H).

The Lie algebra of SL & H(2) is identified to sl x H(2), the Lie bracket being

l(a, k), (@', k)] = ([a,d'], ak’ + k'a* — (a'k + ka'™)).
The adjoint representation thus becomes

Adia 1) (a, k) = (AaA™!, AkA* — (AaA"")YH — H(AaA™")).
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Table 1

Types of coadjoint orbits

Type |P| |W| P w Det a
1 0 0 0 0 0
2 0 0 0 0 #0
3 0 <0 #0 #0

4 0 0 #0

5 >0 <0 #0

6 <0 0 #0 0

7 <0 >0 #0 #0

8 <0 <0 #0 #0

9 <0 0 #0 #0

We define a nondegenerate scalar product in sl x H(2) by means of
{(a, k), (b, 1)) = —2 Re Tr(jkozlo, + ab).

This scalar product defines in the standard way an isomorphism from the Lie algebra of
SL & H(2) onto its dual. The image of (a, k) € sl x H(2) will be denoted by {a, k}.

With this notation, we obtain by a more or less straightforward computation, the following
formula for the coadjoint representation

Adl, yla k) ={AaA™" + J(AkA*cHe — HeAkA*e), AkA™).

Now we shall describe a canonical choice of representative of each coadjoint orbit. To
do that, it is useful to introduce functions which remain constant along coadjoint orbits.

One of these is | P|, defined by | P| ({a, k}) = Det(k), and is usually interpreted as being
the mass square.

Another of these functions is obtained from W ({a, k}) = i(a k —k a*). One can prove that
W(Ad(*A‘H){a, k}) = A W({a, k}) A*, so that |W|({a, k}) = Det(W({a, k})), is constant
on each coadjoint orbit. The four-vector corresponding to W is the Pauly—Lubanski one.

Tables 1 and 2 give a classification of the coadjoint orbits other than {0} . They are divided
into nine different types, which are numbered in the first column.

Each coadjoint orbit has a unique representative of those considered in the second column
of Table 2. The form we have given to these representatives, is designed to ease the task of
finding the canonical representative of the orbit of any given element. In fact, when {a, k}
is given, the values of |P| and |W| and the nullity or not of P and W (and Det a in the
case where all the others values are zero) determine its type by means of columns 26 of
Table 1. Then, with these values and the conditions in the third column of Table 2, one finds
the canonical representative of the coadjoint orbit of {a, k}.

The application of the methods of Section 8 to each of these representatives, leads to the
following results.

There are three singular orbits (i.e. orbits consisting of singular forms) other than {0}. Its
canonical representatives are
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Table 2
Canonical representatives

Type Representative Conditions

1 00
) Lo Im («/-Deta) >0
V—Deta<0 _1>'0] or vV—Deta e R"

_ +
? \/W(%),—sig(n(m)(ég)} voIWieR

4 is {10 . 10 W=sP
7 (0 _l>,——s1g(Tr(P))(0 0)]

_’Wl +

. e R™ U {0},
5 i (=Wl {1 0 . |P|

= — . —sig(Tr(P)/IP| I

2 TP (0 _1) sig(Tr(P)/1P| } JFiewt
6 Wary (1 0 >l J—IP| eR"

: 1

0 —

—i =Wl (10
7 75’8(T’(W)) W 0o—-1}) —f|1:‘,/| MG[R"'

(i)

Vo (o)mm(sn)) e

(v2)vm(o)) A

ne{-1,+1}
00 10
{(1 0) ,0} (type 1) and IO, n (0 0)} (type 4),
where 7 = 1, —1. R-quantizable orbits are all of types 3, 6, 8, 9 and those of type 5

corresponding to the case |W| =0
Quantizable but no R-quantizable are the orbits whose canonical representatives are

ir (10
(30 )] o

ixT 1 0 . 10
[g (0 _1>,—s1gn(Tr(P))<00>] (type 4),

o]

=]
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iT
{ i ( 1 _01 ) , —sign(Tr(P))y/|P| 1] (type 5),

87 \ 0
ixT /1 0 10
[?(O—l)’v_“)’ (0_1)} (type 7),

where, in all cases, T € Z1, x = 1, —1.
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